Chapter 6

Noise Specifications

6.1 Signal-to-Noise Ratio

The signal-to-noise ratio is usually measured at the output of an amplifier where the signal and
noise voltages are larger and easier to measure. It is given by SNR = v2 /v2,, where v2 is the
mean-square signal output voltage and v2, is the mean-square noise output voltage. It is usually
specified in dB by the relation 10log (v2,/v2,). When calculating the SNR with the V,, — I,
amplifier noise model, it is convenient to make the calculation at the amplifier input. When the
source is modeled by a Thévenin source, the SNR is given by SNR = v2/v2,, where v? is the
mean-square source voltage and v2; is the mean-square equivalent input noise voltage. When it
is modeled by a Norton source, it is given by SNR = i2/i2,, where i2 is the mean-square source
current and 42, is the mean-square equivalent input noise current. Expressions are derived below
for the SINR for both cases. The source impedance and admittance which maximizes the SINR are
also derived.

6.1.1 Thévenin Source

When the source is modeled by a Thévenin equivalent circuit as in Fig. 6.1, the signal-to-noise
ratio is given by SNR = v2/v2,. When Eq. (4.3) is used for v2,, it follows that the SN R is given

ni’
by
2

2
SNR =2 = K PXCAE (6.1)
U AKTRASf +v2 + 204, Re (v22) + 142 | Z]

where Z, = Ry + jX, and v = 7, + jv;. It is expressed in dB by the relation 10log (vZ/v2;).
It is maximized by minimizing vZ,. The source impedance which minimizes v, can be obtained
by setting Ov2,/ORs = 0 and 9v2,/0Xs = 0 and solving for Ry and X,. The solution for R; is
negative. Because this is not realizable, Rs = 0 is the realizable solution for the least noise. The

source impedance which minimizes v2, is given by
, v
Zs = R +]Xs :0*]711_?1 (62)
n

Because minimum noise occurs for Ry = 0, it can be concluded that a resistor should never be
connected in series with a source at an amplifier input if noise performance is a design criterion.
If a series resistor is required, e.g. for stability, it should be much smaller than R,. Although the
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Figure 6.1: Amplifier with Thévenin source.

output impedance of a source is usually fixed, the SN R can be improved by adding a reactance in
series with the source which makes the total series reactance equal to the imaginary part of Z in
Eq. (6.2). When this is the case, v2; is given by

v2; = AKTRAf +v2 (1 —~7) + 2, Ryvnin, + i3 R (6.3)

6.1.2 Norton Source

When the source is modeled by a Norton equivalent circuit as in Fig. 6.2, the signal-to-noise ratio
is given by SNR = i2/i2.. When Eq. (4.22) is used for i2,, it follows that the SN R is given by

n’

-2
= s (6.4)

i AKTGAf + 02 [Vl + 2040, Re (1Y) + i2

~.
® N

SNR =

3

[

where Y, = G5 + jB, and v = v, + j7;. It is expressed in dB by the relation 10log (:2/:2;). It
is maximized by minimizing i2,. The source admittance which minimizes i2; can be obtained by
setting 012, /0G5 = 0 and 9i2,/0Bs = 0 and solving for G5 and Bs. The solution for Gy is negative.

Because this is not realizable, Gs = 0 is the realizable solution for the least noise. The source

2

admittance which minimizes 7;

; 1s given by

Yo =G+ B =0+ j7i" (6.5)
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Figure 6.2: Amplifier with Norton source.
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Because minimum noise occurs for G5 = 0, it can be concluded that a resistor should never be
connected in parallel with a source at an amplifier input if noise performance is a design criterion.
If a parallel resistor is required, e.g. as part of a bias network, it should be much larger than 1/Gs.
Although the output admittance of a source is usually fixed, the SN R can be improved by adding
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a susceptance in parallel with the source which makes the total parallel susceptance equal to the
imaginary part of Y; in Eq. (6.5). When this is the case, i2, is given by

? 'ne

i2; = AKTG Af +v2G2 + 2v,Gsvniy + i3 (1= 77) (6.6)

6.2 Noise Factor and Noise Figure

The noise factor F' of an amplifier is defined as the ratio of its actual SNR and the SNR if the
amplifier is noiseless, where the temperature is taken to be the standard temperature Ty. When it
is expressed in dB, it is called noise figure and is given by NF = 10log (F'). In this section, the
noise factor is derived for an amplifier driven by a Thévenin source and by a Norton source. Often,
it is convenient to express F' in terms of the amplifier noise resistance R, and noise conductance
G, defined in Eqgs. (2.18) and (2.19) and the correlation impedance Z, and correlation admittance
Y, defined in Eqgs. (3.12) and (3.13). These are related to v2, i2, and v by

U2

R, = WTLAT (6.7)
-2
1
¢ AKToA f (6.8)
) Un . . Un
Zy =Ry + 35Xy =" =0 +im) (6.9)
. «In . in
Yo=Gy+jBy =" =0 —im) (6.10)

Note that R, and G,,, respectively, represent normalized values of v2 and 72, where the normaliza-
tion factor is 4kToAf.

6.2.1 Thévenin Source

Consider the amplifier model in Fig. 6.1. If the amplifier is noiseless, the signal-to-noise ratio given
by SNR = v2 /v, where v? is the mean-square source voltage and vZ is the mean-square thermal
noise voltage generated by the source impedance. The noise factor F' is obtained by dividing the
noiseless amplifier SNR by Eq. (6.1) to obtain

(v2/vE) w2 n v2 4 20,0, Re (YZ2) + 2 | Z,|?

_ — mi_

N (USQ/U?“) N v, B 4kToR A f

(6.11)

It follows from this expression that a noiseless amplifier has the noise factor F' = 1. An alternate
expression for F' is obtained when the amplifier noise parameters are expressed in terms of R,, Gy,
and Z,. It is

Ry +2GnRe (Z,Z5) + G | Zs)?
+

R
The value of Zs; which minimizes F' is called the optimum source impedance and is denoted by

Zopt- 1t is obtained by setting 0F/0Rs = 0 and 0F/0Xs; = 0 and solving for R, and X,. The
impedance is given by

. / . Un /Rn .
Zopt = Ropt +]Xopt = |: 1-— ’YZQ j’YZ:| - = G_ — X,% — jX’Y (613)

in

F=1

(6.12)
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Note that the imaginary part of Z,, is equal to the imaginary part of Z, in Eq. (6.2) which
maximizes the signal-to-noise ratio. The corresponding minimum value of the noise factor is called
the optimum noise factor and is given by

Upt
min — o 1-— 2 =1 2 n 0 .14
Foin =1+ g (3 + 1797 = 14260 (8, + o) (6.14)

We next wish to express F' in terms of Fpi, and Zoy. It follows from Egs. (6.12) and (6.14)
that the difference F' — F,;, is given by

Ry +2G,, (RyRs + X, X;) + Gy, | Zs?

F—Fm = —2Gy, (Ry + Ropt)
Rs
_ Rn - 2Gn (RoptRs + Xoths) + Gn |Zs|2 (6 15)
RS '
where X, = —X,,; has been used. The square in the numerator of this expression can be completed

by adding and subtracting the term G, (RZ,; + X2,) = Gn | Zopt|*. This leads to the equation

_ an + Gn [(Rs - fiopt)2 + (Xs - )(opt)2 - |Zopt|2}

F—F,in 6.16
i (6.16)
From Eq. (6.13), we have | Zyy|> = R,,/Gh. Tt follows that F' can be written
Gn 2 2
F = me + ﬁ [(Rs - Ropt) + (Xs - Xopt) }
Ghn
= Bt 3 |Zs — Zopt|? (6.17)
If Gy, Frin, and Zype = Rope + j Xopt are given for an amplifier, it can be shown that
i2 = AKTG,Af (6.18)
_ X,
v = sen (Xop) (6.19)
V1 Bopt/ Xopr)?
Xopt \ 2
v = <—”t> i2 (6.20)
i
/Un/l»n

where sgn (Xopt) = Xopt/ [ Xopt|-

The noise factor can also be expressed as a function of the reflection coefficients of the source
and the amplifier input. Imagine a zero length transmission line having a characteristic impedance
Z. connecting the source to the amplifier. In Eq. (6.17), let

1+T,

Zy =72 22

=2t (6.22)
1+T

Zopt = 7, ot (6.23)

“1—Topt
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1 1|0

Rs=—-(Zs+2Z)=Z——5 6.24

s=5 2+ 7)) TP (6.24)
where the reflection coefficients I's and I'y); are given by

_Zs*Zc
T Zi+ Ze

(6.25)

Zo t Zc

Dopt = —F——< 6.26

ot Zopt + Zc ( )

When the expressions for Zs, Z,,t, and Rg are substituted into Eq. (6.17), the expression for F
reduces to

4G, Z. |Ts — Top|?

1= Lol (1= 1)

F = Fpin + (6.27)

Example 1 Calculate F and NF for the amplifier in Example 1 in Chapter 4 for which Ry = 75
and vp; = 5.69nV. Assume Af =1Hz and T =Ty = 290K.

Solution. The mean-square thermal noise voltage of the source is v}, = 4kTR, = 1.20 x 107 ¥ V2.
Thus the noise factor and noise figure are

w2, (569 x 1079)?
p=to P2 E ) 970 NF=10log(27.0) = 14.3dB
w2 12x 1018 0 (27.0)

6.2.2 Norton Source

Consider the amplifier model in Fig. 6.2. If the amplifier is noiseless, the signal-to-noise ratio given
by SNR = i2/i2,, where i2 is the mean-square source current and iZ, is the mean-square thermal
noise current generated by the source impedance. The noise factor F' is obtained by dividing the
noiseless amplifier SNR by Eq. (6.4) to obtain

b (gi/z_'%s) _ % . 02 |Y,|® + 20,8, Re (VY;) +42 (6.28)
(/Lg//l'?’n) /Lts 4kTOGSAf

An alternate expression for F' is obtained when the amplifier noise parameters are expressed in
terms of R,, Gy, and Y,,. It is

R, |Yi)* + 2R, Re (Y, Y:) + G,
Gs

F=1+ (6.29)

The value of Y, that minimizes F' is called the optimum source admittance and is denoted by
Yopt. It is obtained by setting 0F/0Gs = 0 and 0F/0Bs = 0 and solving for G5 and Bs. The
admittance is given by

, / | e :
Yvopt = Gopt +]B0pt = |: 1-— 7,2 +]’YZ:| ’U_ = E — B,% +jB'Y (630)
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Note that this is the reciprocal of the optimum source impedance, i.e. Y, = 1/Z,y. Also, the
imaginary part of Yy, is equal to the imaginary part of Ys in Eq. (6.5) which maximizes the
signal-to-noise ratio. The corresponding minimum value of the noise factor is given by

Unin / 2
in =1+ ——— -, | = n o 31

We next wish to express F' in terms of Fj,,;, and Yp. It follows from Egs. (6.29) and (6.31) that
the difference F' — Fy;p, is given by

R, |Y:]* + 2R, (G,Gs — B,By) + G

F—-Fpm = q = — 2R, (G’Y +G0pt)
o an |}/;|2 - 2Rn (Gopth + BoptBs) + Gn (6 32)
= GS .

where B, = B,,; has been used. The square in the numerator of this expression can be completed
by adding and subtracting the term R, (GZ,; + B3,;) = Rn |Yopt|*. This leads to the equation

Rn [(Gs - C;opt)2 + (Bs - Bopt)2 - |Yb|2} + Gn
F — Fpip = G (6.33)

From Eq. (6.30), we have |Y0pt|2 = G, /R, It follows that F' can be written

R,
= me + 6 [(Gs - C;opt)2 + (Bs - Bopt)Q}
Ry
— szn + 6 |Y; - }/;pt|2 (634)

If Ry, Frnin, and Yo, = Gopt + 7By are given for an amplifier, it can be shown that

v2 = 4kTR,Af (6.35)
7y = ——E2 Bort) - (6.36)

V1 (Gopt/Bo)

2
ﬁ:<§ﬂ>u3 (6.37)
Yi
KTy A f

= 220 (Fin — 1) — /1 — 72 6.38
Vr %%( ) i (6.38)

where sgn (Bopt) = Bopt/ | Bopt|-

The noise factor can also be expressed as a function of the reflection coefficients of the source
and the amplifier input. Imagine a zero length transmission line having a characteristic admittance
Y. connecting the source to the amplifier. In Eq. (6.34), let

1-T,
Y, =Y, 6.39
1+T, (6.39)

1-T,
Yo =Y, Pt (6.40)

Cl + Fopt
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1 1|1

Gs=-(Y,+YH=Y,— " 6.41
B 9 ( S B ) c |1 + FS|2 ( )

where the reflection coefficients I'y and I',,; are given by

Y. - Y

= 6.42
Y+ Y, (6.42)

Y; - }/Opt
Ty =——"+ 6.43
ot Y; + }/Opt ( )

When the expressions for Y, Y+, and G, are substituted into Eq. (6.34), the expression for F

reduces to )
4R41Y; |Fs - Fopt|

1+ Lol (1= 1)

F = Fpin + (6.44)

6.2.3 The Noise Factor Fallacy

The noise factor can be a misleading specification. If an attempt is made to minimize F by
adding resistors either in series or in parallel with the source at the input of an amplifier, the
SNR is always decreased. This is referred to as the noise factor fallacy or the noise figure fallacy.
Potential confusion can be avoided if low-noise amplifiers are designed to maximize the SNR.
This is accomplished by minimizing the equivalent noise input voltage. If a series resistor must be
included at the amplifier input, its value should be much smaller than the source impedance. If a
parallel resistor must be included at the amplifier input, its value should be much larger than the
source impedance. The following example illustrates the noise factor fallacy.

Example 2 An amplifier has an input resistance R; = 1509. For Af = 1Hz, its noise parameters
are v, = 2nV, i, = 10pA, and p = 0.1. It is driven from a source having an output resistance
Rs = 509Q. (a) Calculate v2;, F, and NF. (b) A resistance is added in series with the source
impedance to minimize F. Calculate the new v2,, F, and NF. (c) Calculate the changes in the
noise figure and the signal-to-noise ratio.

Solution. (a)
02, = AKTRAf + 02 + 2pvnin Ry + i2R2 = 5.25 x 10718 V2
2
v,

F = nag =65

NF =10log(F) =8.17dB

Ropt = 7:—” = 2000

n

v}y = AT Rop A f + 0] + 2pvninRopy + i3 R, = 1.2 x 10717 V?

2

v,
— 375
AKT Rop A f

NF =10log (F) = 5.74dB

F
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(c) The decrease in the noise figure is 8.171 — 5.740 = 2.431dB. The dB decrease in the SNR is
10log (1.2 x 10717/5.25 x 10~ *¥) = 3.59dB.

The above example illustrates how the noise figure appears to be decreased by adding resistance
in series with an amplifier input. However, the signal-to-noise ratio is lowered. The fallacy comes
from treating the added resistance as part of the source rather than part of the amplifier. In reality,
the amplifier noise is increased by the added resistor, but the source noise remains constant. The
correct way to calculate the noise factor with the added resistor is F' = v2, /4kT R A f which gives
F =15 and NF = 11.76dB. In this case, the noise figure decreases by 11.76 — 8.17 = 3.59dB.
This is the same as the dB decrease in the signal-to-noise ratio.

6.3 Noise Matching Network Examples

In the following examples, it is assumed that the source impedance is real. If it is not, a reactive
element can be used in series or in parallel with the source to cancel the reactive component.
Alternately, the reactive component in the matching network that is closest to the source can be
adjusted to cancel the source reactance. The examples assume that the source is modeled by a
Thévenin equivalent circuit. It is straightforward to apply the networks to the case where the
source is modeled by a Norton equivalent circuit.

Example 3 With a 50 transmission line test fixture, the reflection coefficient seen looking out of
the input terminals of an amplifier that minimizes its noise factor F at 900 MHz is determined to be
Dopt = 0.7£23.7°. Determine the lengths 1 and {2 of the transmission lines in the network of Fig.
6.3 which cause the source impedance seen by the amplifier to be the optimum source impedance
Zopt- The source impedance is Ry = 50€). The characteristic impedance of the two transmission
lines in the network is Z.1 = Z.o = 75€0.

FTZ Fﬂl
R O B A Amplifier 7z

T +
Vs T, VillZ; AV, 2l Ve

Figure 6.3: Transmission line noise matching network for Example 3.

Solution. With Z. = 502, i.e. the line impedance of the text fixture used to measure I'y,, the
optimum source impedance is given by

1 + Fopt

Lopt = 2,
opt cl — Fopt

(6.45)

It follows that

1+ (0.7c0s23.7° + 50.7sin 23.7°)

Zopt = 50 ,
Pt 1— (0.7 cos23.7° — 0.7 sin 23.7°)

= 122.6 4 5135.20
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The reflection coefficient at the amplifier end of 77 is given by
Zopt - ch

' =
M Zopt + ch

which yields

(122.6 + j135.2) — 75 .
I = — 0.4230 + 50.3539
U= 1226+ j135.2) + 75 T

This has the magnitude
IT11| = 0.5988
It follows from Eq. (5.156) that the reactance of T is given by

1/2
1— [y f?

Xo=+7,
T |? (14 Ze1/Rs)* — (1 — Za /Ry)?

If the positive solution is used, this gives
[ 1 — 0.59882

0.59882 (1 + 75/50)% — (1 — 75/50)*
By Eq. (5.157), the electrical length of 75 is given by

Bly = tan~! @(Z)

Xo =175

1/2
] = 42.5812

Thus we have 12,58
Bly = tan~* <> = 29.58°

75
By Eq. (5.154), the reflection coefficient at the source end of T3 is given by
(RS||jX2) — Za
(RSHJXQ) + ch

I =

which yields

(50||j42.58) — 75 .
o = = —0.4654 + j0.3767
127 (50| j42.58) + 75 +J

It follows from Eq. (5.160) that the electrical length of 17 is given by
1 r
Bl = - arg (—”)

2 I'i1

which gives

0y — L g (204654 4 JO767
L7 9 %8\ 70,4830 + 50.3539

As a check of the impedance seen looking into 77, we have

7 - 7. (Rs||jX2) + jZc1 tan (Bl2)
“ Ze1 + j (Rs|5 X2) tan (B2)

21.02 4 j122.0 .
= a2 IR 096413520
12.96 + j27.28 +J

) = 52.39°

which is the desired value.
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Example 4 For the amplifier of Example 3, determine X1 and Xo in the noise matching network
shown in Fig. 6.4.

R, JX, < Amplifier z,

+ +
Vs J'Xz Vi Zq; AV@ ZL Vo

Figure 6.4: Lumped element noise matching network for Example 4.

Solution. The source impedance is R; = 50€). The optimum source impedance is Zyp: = Ropt +
JXopt = 122.6 + 7135.2Q. To transform R into Z,p, it can be shown that X is given by

Ro t Xo t 2
X, = +R, Pr 11 o —1 6.51
1 ot |1+ ( R) (6.51)
This equation gives X; = +105.3€). The solution for X» is
2 X2
Xy = s A5 (6.52)
(Ronpt/Ropt) - Xl

For X; = +105.3Q, this gives Xy = —270.9Q. For X; = —105.3 (), it gives Xy = +84.68 ().

Example 5 At a frequency of 900 MHz, it is determined that the optimum source impedance for
an amplifier is Zop = 30 — j6082. If Ry = 5092, determine the values of X1 and Xy in the noise
matching network showin in Fig. 6.5.

opt -
R sz <J Amplifier Zo
— + +
Vs ]X1 Vi Zi AVq; ZL Vo

Figure 6.5: Lumped element noise matching network for Example 5.

Solution. To transform R, into Zop,it can be shown that X is given by

LR,
X = 1t (6.53)
(Rs/Ropt) — 1

This equation gives X7 = +61.2€). The reactance X3 is given by

Xo = Xopt — <1 - R"’”) X, (6.54)

For X7 = +61.2€), this gives Xo = —84.5Q. For X; = —61.2Q, it gives Xy = —35.5€.
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6.4 Noise Temperature

The internal noise generated by an amplifier can be expressed as an equivalent input-termination
noise temperature. When the source is represented by a Thévenin equivalent circuit, the noise
temperature T}, is the temperature of the source resistance that generates a thermal noise voltage
equal to the internal noise generated in the amplifier when referred to its input. For the Thévenin
source, the noise temperature is defined by

ATy RoAf = 02 + 2unipn Re (v ZF) + i2 | Z, ] (6.55)
where Ry = Re (Z;). It follows that the noise temperature is given by

U2+ 200, Re (7 2F) +i2 | Z,|?

In AKR,Af

(6.56)

When the source is represented by a Norton equivalent circuit, the noise temperature is the
temperature of the source conductance that generates a thermal noise current equal to the internal
noise generated in the amplifier when referred to its input. It is given by

02 |Ye? + 20,0, Re (1Y) + 2

T, = .
4kGAf (6:57)
where G5 = Re (Y5). The noise temperature is related to the noise factor by
T,=(F-1)T (6.58)

This holds for either the Thévenin or the Norton source.
Example 6 Calculate the noise temperature of the amplifier of Example 2 for which F' = 6.56.

Solution. T,, = (6.56 — 1) x 290 = 1612 K.

6.5 Noise Factor of a Multistage Amplifier

The circuit model for a multi-stage amplifier is shown in Fig. 6.6. It is shown in Section 4.3 that
the equivalent noise input voltage is given by

Viio Viin

4t 6.59
Gm1Zo Gn1Zo1GmaZoz - Gy(N—1)Zo(N—1) (6.59)

Voi = Vil +

where Vi1 = Vis + Vo + L Zs, Vi = Vg + LnjZyj—1) for 2 < j < N, and N is the number of
stages. The equivalent transconductance G, ; is the ratio of the short-circuit output current from
the jth stage to its open-circuit input voltage. It is given by

1o, GmjZij

G, i = - (6.60)
T Vit Zo(-1) +Zij
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where g,,; = Io;j/V;i; andV; is the input voltage across Z;;. The noise factor of the amplifier is
given by

’U2

F = ni
4kTR;Af
1 9 v2,
— v2 4 ni2 4o
AKTRASF [ ™ |Gt Zon|?

2
VniN

+ ;|
|Gm1 Zo1GmaZog -+ Gm(N—l) ZO(N—1)|

(6.61)

where Ry = Re (Zs).

7 Vit Amplifier 1 Viio Amplifier 2
[1+] +

1+ {1+] -
Vs Zi1|j ¢]01mzo1 Z@z'j ¢]02[|1]Z02 ZLE] Vo

Figure 6.6: Multi-stage amplifier.

We wish to express F' as a function of the noise factor of each stage. The noise factors are given
by

’U2

F — nl
! 4kTR,Af
4kTRn A 2, 2,
P = k Ro1 f+vn12:1+ VUni2
4ETRAAf 4ETRAAf
'4kTRO _Af + 3, 2.
FN — (N-1) f UniN =1+ UniN (662)
AKT Ry (n—1)Af AkT Ry n_1)Af
where R,; = Re(Z,;). Note that v2;; includes the thermal noise generated by Rs. For j > 2, v?“»j
does not include the thermal noise of R,;_1) because its noise is included in U?u'(j—n' It follows
from Eq. (6.61) and (6.62) that F' can be written
F,—1)R,
F = p4 2" DEa
|Gm1201| Rs

(Fn — 1) Ryn-1)
|Gm1 Zo1GmaZo2 -+ - Gm(N—l)Zo(N—l) |2 R

(6.63)

We next express F' as a function of the available power gains of the stages. For the first stage,
the current through Z;; is I3 = Vi/ (Zs + Z;1). The power delivered by the source to Z;; is given
by

2R' 2R'
Pi=i Ry = —="0  — sl 5 (6.64)
|Zs + Zi1| (Rs + Rin)” + (X5 + Xi1)
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The maximum value of Pj; is called the available input power P,;. It is solved for by setting
OP;1/0R;1 = 0 and OP;1/0X;1 = 0 and solving for R;; and X;1. The solutions are R;1 = Rs and
X =—Xg, le. Zy = ZF. It follows that P, is given by

2

/US
T (6.65)

Fa

For the second stage, the current through Z;s is Lo = Ip1 Zo1/ (Zo1 + Zi2), where I,y = G Vs. The
power delivered to Z;s is the power output from the first stage. It is given by

.9 2
. 1 |Zol|
P1 = 122R2:701 i2
° w | Zor + Zio*
|Gmlzol|2U52

R; 6.66
(Ro1 + Ri2)? + (Xo1 + Xi2)? 2 (6.66)

The maximum value of P,; is called the available output power P,,; from the first stage. It is
solved for by setting OP,1/0R;2 = 0 and 0P,;/0X;2 = 0 and solving for R;> and X;2. The solutions
are Rio = Ry and Xjo = — X1, i.e. Zjp = Z7;. It follows that P,,; is given by

|C71leol|2 U?

Poo1 = 6.67
1 1R, (6.67)
The available power gain G, of the first stage is given by
Paol |Gmlzol |2 Rs
Ga = = 6.68
' P Ro1 (6.68)
Similarly, it can be shown that the available power gain G; of the jth stage is given by
Paoj |ijZOj|2Ro(j—1)
i = — 6.69
Gy Pr R (6.69)
With these definitions, it follows that Eq. (6.63) for F' can be written
F—1 Fy—1
F=F+ +- 6.70
! Ga1 Ga1Ga2 - - Ga(N—l) ( )

This is the desired result.

If G41 can be made large enough, the above equation implies that F' ~ F}. However, increasing
Ga1 may not make (Fy — 1) /G4 approach zero. For example, consider the case where Z, =
Ro1 + 70. In this case, G, is given by

Gal — |Gm1|2RsR01 (671)

If R, is increased, G,1 can be made arbitrarily large. The contribution to F' by the second-stage
noise is given by
F—1 1 Vpy | 2unin Re(y)

2
- 6.72
Gai  AKTORAfG2, | R R e (6.72)

This cannot be made arbitrarily small by making R,; arbitrarily large unless i2, is negligible.
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Let T;, be the noise temperature of the overall amplifier and 7},; the noise temperature of the
jth stage. Eq. (6.58) can be used to express the noise factors in Eq. (6.70) in terms of the noise
temperatures. It follows that the noise temperature of the multistage amplifier is given by

Tn2 TnN

Ty =T+ 22 oot 6.73
! Ga1 Ga1Ga2 - -+ Ga(N—l) ( )

Example 7 Use Eqs. (6.70) and (6.58) to calculate the noise factor and noise temperature of the
two-stage amplifier in Example 3 of Chapter 4 for which v, =5nV, i,1 = 2pA, v =0, Af,= 1Hz,
Ry =1k, Zo1 = Ro1 = 20k, Gt = 3571'S, and Gypo = 22571 S.

Solution. ) s s
V2. vi 4+ 1o R
F, — nil -1 n n’tts —928]
'S TRAS T IKTR.AS 8
v, v2 + 2 R?
Fy = —— M2 — ] 4 L — 6,08
2= TRuAF T IKTR,Af
Fepp 22 Ufo o
|Gmlzol| Rs

T, = (F —1)Ty = 526K

It follows that the noise factor is determined by the first stage.

6.6 Effect of a Matching Network on Noise

6.6.1 Thévenin Source

Figure 6.7 shows a lossless matching network between the input to an amplifier having an input
impedance Z; = R; + jX; and a signal source having an output impedance Z; = R + jXs. Denote
the input impedance of the matching network by Z;,, = R;,, + j X, and its output impedance by
Zom = Rom + jXom- The total power delivered to the matching network by the source is

Vs + Vis

2 02 +AETRAf
Zs + sz

s im

Rim (6.74)

Let V;s and Vs, respectively, be the voltages at the amplifier input due to Vi and Vis. The output
power from the matching network is

2

Fom = V;ivt Re (Z) = 71)"2‘] Z+ |12)2t R; (6.75)
Because the matching network is lossless, we have P;,, = P,,,. This leads to the relation
2 2 Rim Z; 2,
Vis T Vjgs = R |Z. 12, (v + 4kTR,Af) (6.76)
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Matching —
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I+ l1+}
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Vs L™ < Zom [, Vs Z, AV, Zi Vs

Figure 6.7: Amplifier with a Thévenin source and an input matching network.

Equation (6.76) can be rewritten

2 2

Z; Rip | Zi + Z,
2 2 1 m % om 2
. 2 = 4kTRA
/UZS + /UZtS ZZ + Zom RZ ZS + sz (/Us + S f)
Z; |
- \Z ¥ Zm [U"QS(‘J@ + ”is(od} (6.77)
where ”2'25(00) and v?ts(oc), respectively, are the open-circuit values vZ and vZ,. The latter is given
by
Rin | Zi + Zow |?
/UZZtS(OC) = Em ﬁ 4kTRSAf (678)
This equation must be of the form vfts(oc) = 4kTRomAf, where Rom = Re(Zom). It follows that
Ry, is given by
v Rim | Zi + Zom |?
R _ its(oc) _ m i om R 6.79
M ARTAf Ry | Zs+ Zin| (6.79)

When this equation is solved for R;,,/R; and the result used in Eq. (6.76), it follows that

? Rom
R,

Z;
Zz' + Zom

Vi + Vi = (v2 + kTR, Af) (6.80)

It might seem a contradiction that R, in Eq. (6.79) is a function of Z;. However, the dependence
cancels because Z;,, is also a function of Z;. We conclude from Eq. (6.80) that the mean-square
open-circuit output voltage from the matching network is given by

R
fUz'Qs(oc) + Uizts(oc) = ém (Us2 + 4kTRSAf) (681)
S
To obtain the total mean-square open-circuit voltage at the input to the amplifier, the contri-
butions of Vj, and I,, must be added to Eq. (6.81). The result is

Yioe) = Uzgs(oc) + fUiQts(oc) + ,UZ + 2vpnin Re (’YZ;m) + 1121 |Zom|2

= }Em (v + 4kTRAf) + 02

S

+20n0p Re (VZ5,,) + 32 | Zom|? (6.82)
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It follows from this expression that the mean-square equivalent noise input voltage in series with
Vs is

v2, = 4kTR,Af + ;i [vg + 2upin Re (YZ2,,) + 12 | Zom | (6.83)
The noise factor is given by
v2, 02 4 iy Re (YZ2,) + 42 | Zom|?
F — n — 1 n om n . 4
WTRAf KT Ry Af (6:84)

This is the same as the noise factor calculated at the output of the matching network. The basic
reason that the noise factors at the source and at the output of the matching network are equal
is because a lossless matching network cannot add noise. Thus it follows that the signal-to-noise
ratio is also the same at the input to the matching network as it is at the input to the amplifier.
However, these conclusions do not hold for a lossy matching network. Eq. (6.84) can be used to
predict the noise factor for any arbitrary matching network. For example, Z,,, might be chosen
to be the optimum source impedance to minimize F'. Alternately, it can be chosen for a conjugate
impedance match to maximize the power gain. Such calculations are illustrated in Example 8.

For a conjugate match, the condition Z,,, = Z; must hold. In this case, R,,, = R; and the
expression for v2; in Eq. (6.83) reduces to

v2, = 4kTRAf + % [vg + 2upin Re (7Z;) + 42 | ZF)? (6.85)

1

The corresponding noise factor is

V2. v2 + 20,0, Re (vZ;) + i2 | Z7]?
F — nt — 1 n n (A .
WTRAF WTRAS (6.86)

Because of the dependence of v2, and F on Z;, it is difficult to predict from these equations how
changes in Z; affect the noise. This is because V,,, I,, and v in the noise model are, in general,
related to Z;. For example, V,,, I,,, v, and Z; may all be functions of the bias current in the amplifier
input stage. A change in the bias current to vary Z; can cause a change in V,, I,,, and . Thus the
effects cannot be examined in detail unless the relations between the variables are known.

Example 8 An amplifier is driven from a source with a resistive output impedance Ry = 5082, At
the operating frequency f = 10 MHz, the amplifier has a resistive input impedance R; = 25 and
the noise parameters vy, //Af = 04470V /\/Hz, i,//AF = 31pA /v/Hz, and v = 0.12 — 5j0.44.
(a) Calculate the noise figure with a conjugate impedance matching network between the source
and the amplifier. (b) Calculate the noise figure if the matching network is designed so that the
amplifier sees its optimum source impedance. (c) Calculate the decrease in power gain with the
second matching network.

Solution. (a) For a conjugate impedance match, the noise figure is

v2 + 20,0, Re (vZ;) + 2 |Z;“|2

NF = 10log |1+ FTRAS

= 5.06dB
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(b) The optimum source impedance is given by Eq. (6.13). It is

Zopt = |:\/ 1-— ’YZQ j’}/z:| % =13 +]635Q
n
Thus the minimum noise figure is
VR + 2upin Re (v25,) + i | Zopt|?
AT Re (Zopt) Af

NF,in = 10log |1+

= 441dB

This is 0.648 dB lower than for part (a).
(c) By Eq. (6.81), UZ.QS( = (Rom/Rs) v2 for part (a) is

oc)

2 25 9

- _ 2
Uis(oc) - 501}8 - 0'5Us
For part (b), it is
13
2 _ 2 _ 2
Vis(oe) = 5g¥s = 0.26v;

The signal power delivered to the amplifier input is

For part (a), we have

) = =525 = 0.005v
150 + 25|

For part (b) )
0.26v3
Piwy = ; 2
113 + 56.35 + 25|

It follows that the amplifier power gain drops by the factor 0.00439,/0.005 with the optimum source
impedance. This is a decrease of 12.2% or 0.567 dB.

25 = 0.0043902

6.6.2 Norton Source

Figure 6.87 shows an amplifier with a Norton source at its input. The solutions for the mean-
squared noise current in parallel with I, and the noise factor follow the derivations of Eqs. (6.85)
and (6.86) for the amplifier with a Thévenin source. The mean-square input noise current is given
by

G .
i2; = TGLAf + 5 [vi Yor|2 + 20nin Re (7Yom) + 2 (6.87)

where G5 = Re (Ys) and Y, = Gom + jBom- The noise factor is given by

F = L =14+ U?ﬁ, |}/;m|2 + 2’Un’Ln Re (fy}/'om) ‘I”L%
IKTG.Af KT GomAf

(6.88)
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For a conjugate match, Yo, = Y;*. In this case i2, and F are given by

G
i2; = ARTGLAS + 2 [vg Y72 + 20nin Re (7Y% + i2 (6.89)

(2

. *|2 . * :

AKTG,Af AKTG;Af
Lossless
Matching —
Network V., Amplifier Z,

N1+

= +
Villy, av, zZ [V,

Figure 6.8: Amplifier with a Norton source and an input matching network.

3‘\4

]S#D I:]l]Ys[]Its Yim_> <—Y0m I:]

6.7 Noise Circles

In rf design, the contours of constant £’ on the Smith chart for the reflection coefficient seen looking
out of an amplifier input are important. These contours are circles. Thus they are called noise
circles. These circles are developed below for both the impedance and admittance Smith charts.

6.7.1 Thévenin Source

Fig. 6.9 shows an amplifier with a Thévenin source and a lossless input matching network. Let the
impedance seen looking into the output of the matching network be Z,,, = Ry + jXom. Imagine
a zero length transmission line of characteristic impedance Z. connected between the matching
network and the amplifier input. Let I, be the reflection coefficient seen looking into the output
of the matching network. It is given by

Zom B Zc
Loy = 5—— 6.91
o Zom + ZC ( )
By Eq. (6.27), the noise factor is given by
4G Ze |Tom — Topt|?
F = Frin + — |2 om ~ Lol 5 (6.92)
1= Lol (1= o)
This equation can be rearranged into the form
Com — Dopt|?
Lom =TLoml _, (6.93)

1 — [TCom|?

where z is given by
(F - me) |1 - I‘opt|2
= 6.94
‘ 1G, Z, (6.54)
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Figure 6.9: Amplifier with a Thévenin source and a lossless input matching network.

Let Lo, = p+ jq and T'opt = popt + Jqopt- With these definitions, Eq. (6.93) can be written
P* (14 2) + 2Popp + ¢° (1 + 2) + 2optq = 2 — [Topt|? (6.95)

After dividing both sides of this equation by (1 + z) and completing the squares, the equation can
be reduced to

Popt 2 + Gopt 2 R 1 |Fopt|2 (6 96)
p 1+ 2 1 1+ 2 142z 1+ 2 '
or equivalently
Topt 2 z |Fo t|2
Lo — —2-| = 1 -2 6.97
o142 1+2z < 1+2z ( )

This equation represents a circle on the Smith chart with center at the point

Fot
= b= I 6.98
atib=17", (6.98)
and a radius given by
P pM v (6.99)
1+2 1+2 '

For z a constant, Eq. (6.97) represents a circle of radius ¢ that is centered at the point I' =
Lopt/ (1 + 2) on the Smith chart. On this circle, the noise factor is constant and is given by

422G, Z, G
ﬁ = Fonin + 35 | Zom — Zopt|” (6.100)
— Lopt om

Because F' is constant for z a constant, it follows that the contours of constant F' on the Smith
chart are the circles defined by Eq. (6.97). For Z,,, = Z,, the circles degenerate into a point
located at I' = I'y);. Because b/a = Im (I'ypt) / Re (I'pt) is independent of Z,,,, it follows that the
centers of the noise circles lie on a straight line passing through the origin and the point I',,; on
the Smith chart.

Figure 6.10(a) shows an example impedance Smith chart with the point I'pp; = 0.5£ — 135°
and three surrounding noise circles labeled I'1, T's, and I's, corresponding to z = 0.3, z = 0.5, and
z = 0.7, respectively.
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Figure 6.10: Smith charts showing the optimum reflection coefficient I'g and three noise circles. (a)
Impedance chart. (b) Admittance chart.

Example 9 An amplifier is driven from a Thévenin source with an output impedance Zs = Ry =
60Q2. The amplifier has an input spot noise current i, //Af = 20 pA/\/E. The optimum noise
figure is NF,;, = 1.5dB when the source impedance is Zy = 30 — j20Q. (a) If a zero-length
transmission line having a characteristic impedance Z. = 502 is connected between the source and
the amplifier, calculate the reflection coefficient T's seen looking out of the amplifier input. (b)
Calculate the optimum reflection coefficient Uope. (c) Use Eq. (6.100) to calculate the noise figure
when the amplifier is driven from the source. (d) Calculate the center coordinates and the radius
of the noise circle that Ty, lies on. (e) Calculate the equivalent spot noise input voltage vy;//Af.

Solution. (a) Looking out of the amplifier input, the reflection coefficient is

2, 7,

s = = 0.091
Z. 1 Z. 0.09

(b) For Zs = Z,t, the optimum reflection coefficient is

Zot*Zc .
FO :71) = — 1 - 24
ot A 0.176 — 50.29
(c)
G 00258
AR AF T

Fin = 10V Fmin/10 — 1 413
_ Gn 2 _
F_mm+ﬁquzm\_mm
S

NF =10log (F) = 2.91dB
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(@ 2
(F - me) |1 - Fopt|
= =0.1
z 1G, 2. 0.159
a= M = —0.152
1+ 2
Im (T,
p= 0 Tom) _ oy
1+ 2
1/2
c= = 0.351

o 1— |F0pt|2
1+2 1+ =z

"y
—% = /F x 4kTyR, = 1.37nV /v Hz
VAf /

()

6.7.2 Norton Source

Fig. 6.11 shows an amplifier with a Norton source and a lossless input matching network. Let the
admittance seen looking into the output of the matching network be Y,,,, = Gomm + j Bom- Imagine
a zero length transmission line of characteristic admittance Y, connected between the matching
network and the amplifier input. Let I, be the reflection coefficient seen looking into the output
of the matching network. It is given by

Ty = ————2m (6.101)

By Eq. (6.44), the noise factor is given by

4R, Ye |Tom — Topt|?

F = Fpin + 5 ; (6.102)
1+ ol (1= [Tom?)
This equation can be rearranged into the form
Com — Topt|?
[Com = Lopt|” — Ol|>t2| _y (6.103)
- om
where y is given by
F — Fpin) |1+ Tope|?
y=1 min) |1 + Dope| (6.104)

4R, Y,
Let T'om, = p+ jq and T'opt = popt + Jqopt- With these definitions, Eq. (6.103) can be written

P2 (1 +y) + 2optp + @ (1 +Y) + 2¢optq = y — [Topt|? (6.105)

After dividing both sides of this equation by (1 + y) and completing the squares, the equation can

be reduced to
Dopt 2+ Qopt ’ __ Y 1fM (6.106)
Pm 11y 1T1vy) T4y l+y '
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Figure 6.11: Amplifier with a Norton source and a lossless input matching network.

or equivalently

Copt |° Copt|?
r,, — Lot | ¥y [Topl (6.107)
1+y 1+y 1+y
This equation represents a circle on the Smith chart with a center at the point
Fo t
'=a+jb=—=2 6.108
=17 (6.108)
and a radius given by
T, 1/2
Y opt
=|—|1—-— 6.109
1+y < I+y ) ( )

For y a constant, Eq. (6.107) represents a circle of radius ¢ that is centered at the point
I' =Typt/ (1 4+ y) on the Smith chart. On this circle, the noise factor is constant and is given by

4 Y R
MyRaYe _p o By P (6.110)

F = Fpin +
min |1+Fopt|2 Gom

Because F' is constant for y a constant, it follows that the contours of constant F' on the Smith
chart are the circles defined by Eq. (6.107). For Y,,, = Y, the circles degenerate into a point
located at I' = Iyt Because b/a = Im (I'ypt) / Re (Fopt) is independent of Yy, it follows that the
centers of the noise circles lie on a straight line passing through the origin and the point I',,; on
the Smith chart.

Figure 6.10(b) shows an example admittance Smith chart with the point I'pp; = 0.5£ — 135°
and three surrounding noise circles labeled I'1, I's, and I's, corresponding to y = 0.568, y = 0.983,
and y = 1.33, respectively. These values are chosen to give the same radii of the corresponding
circles on the two charts in the figure. It follows from Egs. (6.100) and (6.110), that the value of
F on corresponding circles is not the same unless the following relation holds:

Gn
Rom

fn
Gom

|Zom*Zopt|2 — |Yvomfyvopt|2 (6111)

6.8 Gain Circles

Compromises are often made in rf amplifier design between lowest noise and highest gain. In Sec.
6.7, the contours on the Smith chart of constant noise factor are derived. In this section, the
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contours of constant gain are derived. Like the noise factor contours, the constant gain contours
are circles. Thus they are called gain circles. Given the Smith chart with both the noise circles and
the gain circles plotted for a particular amplifier, the effect of the input matching network on both
noise and gain can be easily visualized.

6.8.1 Thévenin Source

Consider the amplifier model of Fig. 6.9 where the source is represented by a Thévenin equivalent.
By Eq. (6.80), the mean-square signal voltage across Z; is given by

Z; |*R
2 2 om 92
2 _ 6.112
/UZ ZZ + Zom RS /US ( )
where R,,, = Re (Zyn) and Ry = Re(Zs). The power delivered to Z; is given by
2 2 ‘R,
P, = ’LZ2 Re (Zz) = Yi 2Ri = Us 3 Rilom (6113)
| Zi] | Zi + Zom|”  Rs
The maximum value of P; occurs when Z,,, = Z} and is given by
v3
P)i(maz) = AR, (6114)
Thus the relative efficiency 7 of the input matching network can be written
P, 4R;
. Hibiom (6.115)

77 = =
P)i(maz) |Zz + Zom|2

where 0 <7 < 1.

Let us next express Z;, R;, Zom, and Ry, in Eq. (6.115) as functions of reflection coefficients.
Imagine a zero length transmission line of characteristic impedance Z. connected between the
matching network and the amplifier input. Let T',,, be the reflection coefficient looking into the
output of the matching network and let I'; be the reflection coefficient looking into the amplifier
input. We can write

Z; = ZT? (6.116)

R:%(T? 1+£>:Z% (6.117)

Zom = 1 - ?: (6.118)

Rom = % G +£: + 1 +£:> = Z% (6.119)

%t 2 =2 (T T ) = (6:120)

With the use of these relations, Eq. (6.115) can be written

(1 - |Fz|2> (1 - |Fom|2>
TR (6.121)

77:
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With the substitutions I',,, = p + jq and T'; = p; + jq; the above equation becomes

2
2 npi 2 ng; 1—n— |y
p p+q +2 q= (6.122)
1—(1—n) Ty L— (=) 0" 1-(1=pLf
After completing the squares, this equation can be reduced to
2
I 2 1— |02
Ty — I ITs > (6.123)
1—(1—mn)[L 1—(1—n)|T
This represents the equation of a circle on the Smith chart with a center at the point
. nl;
I'=a+jb= L (6.124)
1= (1—n) Ty

and a radius given by
1— |0
c= V1—-n (6.125)
1—(1—n) Ty

Because b/a = Im (I'f) /Re (T'}) is independent of 7, it follows that the centers of the gain circles
lie on a straight line passing through the origin and the point I'’ on the Smith chart.

Figure 6.12(a) shows an example impedance Smith chart with the point I'f = 0.3£45° labeled
7o and three surrounding gain circles labeled 7, 75, and 73, corresponding to gains lower than 7,
by 1 dB, 2dB, and 3dB, respectively.

Figure 6.12: (a) Impedance Smith chart showing example gain circles corresponding to 0, —1, —2,
and —3 dB. (b) Corresponding admittance Smith chart.

Example 10 The amplifier of Example 1 in Chapter 5 is driven from a Thévenin source with
the output impedance Zs = Rs = 5082. The amplifier has the input impedance Z; = R; + jX; =
31.6 — j1278 and a gain of 39.8dB. (a) Calculate the value of n if no matching network is used at
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the amplifier input. (b) Calculate a, b, and c for the gain circle on which n lies. (c) Calculate the
new overall gain of the amplifier if a conjugate matching network is added between the source and
the amplifier. Assume zero-length transmission lines with the characteristic impedance Z. = 502
for the Smith chart calculations.

Solution. (a) Because there is no input matching network, Z,,, = Zs = Rs = 50).

4Re (Z;) Re (Zom
_ ARe(Z)ReZom) _ 977 o 55748
|Zz+Zom|
) 7~ 7
p =228 = 0.642 — j0.
77 = 0642 0557
Re (T}
a=— MRl g
1—(1—mn)L;|
Tm (T}
_ Iy
1—(1—n) [y

1— |1y
V1 —n=0.493

C = 2
1= (1 =mn)[Ty

(c) The addition of a conjugate matching network at the input would increase the dB gain by
10log (1/n) to 39.8 + 5.57 = 45.4dB.

6.8.2 Norton Source

Consider the amplifier model of Fig. 6.11, where the source is represented by a Norton equivalent.
Let Yy = G5 + jBs, Yo, = Gom + jBom, and Y; = G; + jB;. Eq. (6.112) can be transformed into
the equivalent equation for the Norton source with the substitutions Z; = 1/Y;, Zom = 1/Yom,
Rom = Gom/ |Yom|?, Rs = G/ |Ysl?, v2 = 2/ [V;|?, and v2 = i2/ |Y,[?. After these substitutions are

made, it follows from Eq. (6.112) that the mean-square signal current through Y; is given by

v, |*a
-2 7 om .2
2 _ 6.126
/I’Z }/Z + }/Om GS /I’S ( )
The power delivered to Y; is given by
1 G; 2 G,G
P)i = /I»ZQ Re <—> = ’I,Z2 22 = ’s 5 Lo om (6127)
Y,) PR Vit You? G
The maximum value of P; occurs when Y,,, = Y* and is given by
i
P)i(maz) = 4G, (6128)
Thus the relative efficiency 7 of the input matching network can be written
P, 4G,G
L= o (6.129)

77 = =
P)i(maz) |Y; + }/;m|2
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With this value of 7, the equations for the gain circles for the Norton source are the same as they
are for the Thévenin source given by Eqs. (6.123) through (6.125). This follows because the gain
circle equations involve only the power ratio 77 and the input reflection coefficient I';. Fig. 6.12(b)
shows the gain circles on the admittance Smith chart corresponding to those in Fig. 6.12(a) on the
impedance Smith chart.

Example 11 An amplifier designed to operate at the frequency f = 1.9 GHz from a Norton source
with an output impedance Z; = Rs = 5080 has the specifications: optimum source reflection co-
efficient for minimum noise I'ppy = 0.52£68.8°, minimum noise figure NF;, = 1.39dB, noise
resistance R, = 20.4Q), input reflection coefficient I'; = 0.68/ —86 °. The reflection coefficients are
measured with a test fizture having the characteristic impedance Z. = 50€). (a) A noise matching
network is to be used between the source and the amplifier. On an admittance Smith chart, plot the
point representing Loy and the noise circle for which the noise is 0.25 dB higher than its minimum
value. (b) A conjugate impedance matching network is to be used between the source and the am-
plifier. On the same chart, plot the point representing the reflection coefficient seen looking out of
the amplifier input and the gain circle for which the gain is 1dB lower than its mazimum value.

Solution. (a) The point representing ',y is shown on the chart in Fig. 6.13. At this point, the
noise factor is
Fopin, = 10N Fmin/10 — 1 377

For 0.25dB higher noise, the noise figure is NF; = N Fy,;, + 0.25 = 1.64dB. The corresponding
noise factor is
Fy = 10NF/10 = 1 459

Eq. (6.104) can be used to calculate y to obtain

(F1 = Fin) [1+ Top|?
= = 0.082
Y AR, Y,
where Y, = 1/Z. = 0.02S. The coordinates (a,b) of the center of the —0.25dB noise circle and its
radius c¢ are calculated from Egs. (6.108) and (6.109) as follows:

a = M =0.174
1+y
Im (T,

p= I Copt) _ g 4g
1+y

1/2

=0.239

Y 1— ‘Fopt|2
1+y 1+y

The noise circle is shown labeled I'; in Fig. 6.13.

(b) For a conjugate impedance matching network, the reflection coefficient seen looking out of the
amplifier input is 'y, = I'f = 0.6824 + 86 ° = 0.047 + 70.678. This reflection coefficient maximizes
the normalized gain of the matching network and is labeled 71, in Fig. 6.13. On the gain circle
for which the normalized gain of the matching network is —1 dB, the value of  in Eq. (6.129) is
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Figure 6.13: Admittance Smith chart for Example 11.

ny, = 107110 = 0.794. The coordinates (a,b) of the center of the —1dB gain circle and its radius ¢
are calculated from Eqs. (6.124) and (6.125) as follows:

Re (T}
_ R g
1—(1—n)[Ll

Im (T}
__ nim(T) , = 0.595
1—(1—n)|Ll

1|1y
J1—7 = 0.269

c =
1= (1 =) [
The gain circle is shown labeled 7, in Fig. 6.13. If the source admittance lies in the intersection of
the noise circle and the gain circle, the noise factor is within 0.25dB of its minimum value and the
relative power gain of the input matching network is within 1 dB of its maximum value.

6.9 Measuring the Noise Factor

6.9.1 Method 1

This method is the most general one because it does not require knowledge of either the amplifier
gain or its noise bandwidth. Consider the noise model of an amplifier given in Fig. 6.14. Consider
the source to be a white noise source having the spectral density S, (f) = VsVZ/Af = v2/Af and
output resistance Rs. The total noise voltage at the output can be written

43 i
Vo = A7 Vs Vs Vn In s Zz
71z, | Vet Vis + Vo) = + In (Rs]| Z)
AZ Z;
= L (Ve + Vis + Vi + InRy) (6.130)

Zo+ Z1, Rs+ Z;
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The mean-square value is given by

AZ;, Z;
Zo+ 21, Rs+ Z;

2
[sv (f) B, + 4kTR,B,, +v2

+20nin Re (YRs) 4 i2 | Rs|? ]

2

AZ .
L z (S (f) B + F x AkT Ry By] (6.131)

Zo+ 21, Rs+ Z;

where B,, is the amplifier noise bandwidth and F' is the noise factor given by Eq. (6.11).

R Vs Vy 1, Amplifier  z_

Figure 6.14: Amplifier driven by a white noise source.

Let v2; be the value of v2 with the noise source at the input set to zero, i.e. S, (f) = 0. Now,
let S, (f) be increased until the rms output voltage increases by a factor r, i.e. v, = rv,1. It follows
by taking the ratio of the two mean-square voltages that

So(f)Bn  _ . Se(f) (6.132)

1+

2
I AN s N
" t F % 4kTR.B, F x 4kTy R,

The above equation can be solved for F' to obtain

B Sy (f)
b= (r2 — 1) x 4kTy R (6.133)

In making measurements, a commonly used value for r is r = /2. In this case, the output noise
voltage increases by 3 dB when the source is activated. Note that the expression for F' is independent
of B,, A, and Z;.

6.9.2 Method 2

This method replaces the white noise source in Fig. 6.14 with a sinusoidal source. The frequency
should be chosen for maximum gain. The noise bandwidth B,, of the amplifier must be known. An
often used alternative is to estimate B,, with the equation

B, = ng (6.134)

where Bjs is the —3 dB bandwidth. This expression is exact if the amplifier has a first-order low-pass
response or a second-order band-pass response.
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The mean-square output voltage is given by

° Zo + ZL Rs + Zz

2
[Ug + 4kTR,B,, + v?

+20nin Re (YRs) + i2 | Rs|? ] (6.135)

where v2 is the mean-square open-circuit source voltage. With Vs = 0, the mean-square noise
output voltage is measured. Denote this by v2;. Increase V; until the rms output voltage increases
by the factor r. It follows by taking the ratio of the two mean-square voltages that
2 _ v
R . PXPNE
4kTRsBy, + v2 4 2vyi, Re (YRs) + 2 | Rs|

’U2

S I 1
P x 4kTyB, R, (6.136)

Solution for F' yields

’U2

F= s 1
(r2 — 1) x 4kTy B, R, (6.137)

This method requires knowledge of the noise bandwidth of the amplifier.

6.9.3 Method 3

Unlike the above methods, this method requires knowledge of both B, and the amplifier gain.
The gain is measured with a sine-wave source having an open-circuit output voltage Vs and an
output resistance R,, where R is the value of the source resistance for which the noise factor is
to be measured. With the source connected to the amplifier input, adjust the voltage to obtain a
convenient voltage at the amplifier output. Denote this by V1. The frequency should be chosen for
maximum gain. Next, disconnect the source from the amplifier input and measure its open-circuit
output voltage. Denote this by V. Let Ay be the magnitude of the gain at the test frequency.
With reference to the model in Fig. 6.14, it is given by

V,
Vi1

AZ;, Z;

An =
0 Zo+ 21, Rs+ Z;

(6.138)

This is the gain including the loading effects at the input and at the output. The next step is to
measure the noise bandwidth B,,. An often used alternative is to estimate B,, with Eq. (6.134).

The source is then replaced with a resistor of value Rs and the amplifier noise output voltage
is measured. The mean-square value is given by

AZ; Z. |

Zo+ Z R+ Z;

2
Uno

v2; = 4kTyR,B, F A3 (6.139)

ni

This equation can be solved for F' to obtain

2

(¥
F=——To 6.140
AkTyR, B, A2 (6.140)
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6.10 Determination of Noise Parameters

Let the noise factor F' be measured for N values of source admittance, where N > 4. Denote the
noise factor values by F; and the source admittance values by Yy; = Gg; + jBs;, where 1 < ¢ < N.
By Eq. (6.29), we can write

2

Bz, Bsi Gn
F,=1+R, <G + ) +2R,G, — 2R, B

el (6.141)

Gsi

where Y, = G, + jB, is the correlation admittance given by Eq. (6.10). The object is to use the
measured values of F' to determine the noise resistance R,,, the noise conductance G,, and the
correlation admittance Y.

Define the mean-square error function

N

2
2 = Z [(E —1)-R, <G + g“) - 2R,G,
i=1 st
Bsi Gn 2
+2RnBWGSi TG ] (6.142)

The values of R,,, G,,, G, and B, which minimize € represent a best estimate of the noise parame-
ters. These values can be obtained by simultaneous solution of the set of equations d¢?/0R,, = 0,
0€%/0G,, = 0, 9e*/0 (R,G,) = 0, and 9€e?/0 (R, B,) = 0, where R,,G, and R, B, are considered
independent variables. This procedure leads to the following solution:

R, > (Gi+g) (F-1)

2RaGy | _ a1 | D (Fi—1)

Comp, | A LT (6.143)
G Y& (F-1)

where the matrix A is given by

r B2\ 2 B2, B3 B2
Z(Gsﬁgg) DG+ Gt YBitgt Y1+
B Bui 1
A _ ZGSZ + Gsi N Gsi Z Gsi (6 144)
- B3 ) B2 ) )
> Byi + & > g ey G
St 2 >4 O OF
- [ G G%; G?, i

The matrix A is singular if the ratios am, ,/am,n are equal for all elements in any two rows.
With 4 rows, there are 6 combinations of two rows. It follows that the matrix is singular if the
values of G; and B; lie on one of the contours defined by

G*+B* =k (6.145)

(G — ko)* + B = k2 (6.146)
G+ (B —ks)* = k2 (6.147)
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B = k4G (6.148)
G =ks (6.149)
B = kg (6.150)

)

where k1 through kg are constants. Fig. 6.15 shows example plots of these equations on the (G, B
plane. The k’s are chosen so that the curves intersect at two common points. The curves are labeled
a through f, corresponding, in order, to Egs. (6.145) through (6.150). Two curves are labeled c, d,
and f, corresponding to positive and negative values of k3, k4, and kg.

|

Figure 6.15: Example contours on which the matrix A is singular.

Given the solution for R, G,, G, and B,, the solutions for v2, i3, and v are

v = 4kTo R, Af (6.151)

i2 = 4kTyG, Af (6.152)
Un .

7= (G, — jBy) (6.153)

n

Because the quantity (F' — 1) is involved in the calculations, large percentage errors in (F' — 1) can
be caused by small percentage errors in F' when F' has a value close to 1. Thus the solutions can
be sensitive to experimental errors. Another problem lies in the choice of the values of G; and B;
for which F' is measured. If the values lie on or near one of the curves which makes the A matrix
singular, the solutions can be unstable. To minimize this problem, the values of GG; and B; should
be chosen randomly.



